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145. 


A MEMOIR UPON CAUSTICS. 


[From the Philosophical Transactions of the Royal Society of London, vol cxuvii. for the 
year 1857, pp. 273—312. Received May 1,—Read May 8, 1856.] 


THE following memoir contains little or nothing that can be considered new in 
principle; the object of it is to collect together the principal results relating to caustics 
in plano, the reflecting or refracting curve being a right line or a circle, and to 
discuss, with more care than appears to have been hitherto bestowed upon the subject, 
some of the more remarkable. cases. The memoir contains in particular researches 
relating to the caustic by refraction of a circle for parallel rays, the caustic by 
reflexion of a circle for rays proceeding from a point, and the caustic by refraction 
of a circle for rays proceeding from a point; the result in the last case is not 
worked out, but it is shown how the equation in rectangular coordinates is to be 
obtained by equating to zero the discriminant of a rational and integral function of 
the sixth degree. The memoir treats also of the secondary caustic, or orthogonal 
trajectory of the reflected or refracted rays, in the general case of a reflecting or 
refracting circle and rays proceeding from a point; the curve in question, or rather 
a, secondary caustic, is, as is well known, the Oval of Descartes or ‘Cartesian’: the 
equation is discussed by a method which gives rise to some forms of the curve which 
appear to have escaped the notice of geometers. By considering the caustic as the 
evolute of the secondary caustic, it is shown that the caustic, in the general case of 
a reflecting or refracting circle and rays proceeding from a point, is a curve of the 
sixth class only. The concluding part of the memoir treats of the curve which, when 
the incident rays are parallel, must be taken for the secondary caustic in the place 
of the Cartesian, which, for the particular case in question, passes off to infinity. In 
the course of the memoir, I reproduce a theorem first given, I believe, by me in the 
Philosophical Magazine, viz. that there are six different systems of a radiant point 
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and refracting circle which give rise to identically the same caustic, [see post, XXVIII]. 
The memoir is divided into sections, each of which is to a considerable extent in- 
telligible by itself, and the subject of each section is for the most part explained 
by the introductory paragraph or paragraphs. 


I. 


Consider a ray of light reflected or refracted at a curve, and suppose that £, 7 
are the coordinates of a point Q on the incident ray, a, 8 the coordinates of the 
point G of incidence upon the reflecting or refracting curve, a, b the coordinates of 
a point JV upon the normal at the point of incidence, æ, y the coordinates of a 
point q on the reflected or refracted ray. 


Write for shortness, 
(b — 8)(£—2) — (a — a) (n —8) = V RGN, 
(a — a) (Ẹ — a) + (b — B) (n — 8) = OQGN, 
then VQGN is equal to twice the area of the triangle QGN, and if £, instead of 
being the coordinates of a point Q on the incident ray were current coordinates, the 
equation V QGN =0 would be the equation of the line through the points G and N, 
ie. of the normal at the point of incidence; and in like manner the equation 
LIQGN —0 would be the equation of the line through G perpendicular to the line 
through the points G and N, ie. of the tangent at the point of incidence. 
We have 
NG — (a — ay 4- (b — 8y, 


QG = (E- a) + (»— 8, 
and therefore identically, 
NG -QQG -vQGN + UQGN. 
Suppose for a moment that d is the angle of incidence and $' the angle of reflexion 


or refraction; and let mw be the index of refraction (in the case of reflexion p=- 1), 
then writing . 


(b — 8) (« — a) — (a —a) (y — B) VqGN, 
(a — a) (x — a) - (b - 8) (y — 8) - qGNN, 


and 
qG* — (« — ay (y — By, 

we have 
4. VQGN .. .,. VgGN . 
sin o= VG. GQ’ 0? “NG. Gg 


and substituting these values in the equation 


sin? ġ — p° sin? $' = 0, 
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we obtain 
qG VQGN — pe QG vqGN' =0, 

an equation which is rational of the second order in z, y, the coordinates of a point 
q on the refracted ray; this equation must therefore contain, as a factor, the equation 
of the refracted ray; the other factor gives the equation of a line equally inclined 
to, but on the opposite side of the normal; this line (which of course has no physical 
existence) may be termed the false refracted ray. The caustic is geometrically the 
envelope of the pair of rays, and for finding the equation of the caustic it is 
obviously convenient to take the equation of the two rays conjointly in the form 
under which such equation has just been found, without attempting to break the 
equation up into its linear factors. 


It is however interesting to see how the resolution of the equation may be 
effected; for this purpose multiply the equation by NG, then reducing by means of 
a previous formula, the equation becomes 


(VqGN + OgGN)VQGN - ,( VQGN. -CIQGN )VqGN. — 0, 
which is equivalent to 
VqGN (w OQGAN +(e - 1) VQGN) - OqgGN v QGN' — 0, 
and the factors are 
V4GN V POQGN (ge —) VQGN* x UqGN. vQGN -0; 


it is in fact easy to see that these equations represent lines passing through the 
point G and inclined to GN at angles + $', where g’ is given by the equations 


sin $ = p sin qf’, 
VQGN 
tan $ = EGN 


and there is no difficulty in distinguishing in any particular case between the refracted 
ray and the false refracted ray. 


In the case of reflexion u =— 1, and the equations become 
VqGN .OQGN F LIqGN . VQGN =0; 
the equation 
VqGN . UQGN —UqGN . VQGN=0 


is obviously that of the incident ray, which is what the false refracted ray becomes 
in the case of reflexion; and the equation 


VqGN .OQGN+ L1qGN . VQGN =0 
is that of the reflected ray. 
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T 


But instead of investigating the nature of the caustic itself, we may begin by 
finding the secondary caustic or orthogonal trajectory of the refracted rays, ie. a curve 
having the caustic for its evolute; suppose that the incident rays are all of them 
normal to a certain curve, and let Q be a point upon this curve, and considering 
the ray through the point Q, let G be the point of incidence upon the refracting 
curve; then if the point G be made the centre of a circle the radius of which is 
uw. GQ, the envelope of the circles will be the secondary caustic. It should be 
noticed that, if the incident rays proceed from a point, the most simple course is to 
take such point for the point Q. The remark, however, does not apply to the case 
where the incident rays are parallel; the point Q must here be considered as the 
point in which the incident ray is intersected by some line at right angles to the 
rays, and there is not in general any one line which can be selected in preference 
to another. But if the refracting curve be a circle, then the line perpendicular to 
the incident rays may be taken to be a diameter of the circle. To translate the 
construction into analysis, let £, » be the coordinates of the point Q, and a, 8 the 
coordinates of the point G, then é 7, a, 8 are in effect functions of a single 
arbitrary parameter; and if we write 


GQ = (E— a) + (n — By, 
Gg — (v — a} (y — B, 
then the equation 
eG x GQ ae 0, 


where æ, y are to be considered as current coordinates, and which involves of course 
the arbitrary parameter, is the equation of the circle, and the envelope is obtained 
in the usual manner. This is the well-known theory of Gergonne and Quetelet. 


III. 


There is however a simpler construction of the secondary caustic in the case of 
the reflexion of rays proceeding from a point. Suppose, as before, that Q is the 
radiant point, and let G be the point of incidence. On the tangent at G to the 
reflecting curve, let fall a perpendicular from Q, and produce it to an equal distance 
on the other side of the tangent; then if q be the extremity of the line so produced, 
it is clear that q is a point on the reflected ray Gq, and it is easy to see that 
the locus of q is the secondary caustic. Produce now QG to a point Q' such that 
GQ’ =QG, it is clear that the locus of Q' will be a curve similar to and similarly 
situated with and twice the magnitude of the reflecting curve, and that the two 
curves have the point Q for a centre of similitude. And the tangent at Q' passes 
through the point q, ie. q is the foot of the perpendicular let fall from Q upon 
the tangent at Q’; we have therefore the theorem due to Dandelin, viz. 


43—2 
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If rays proceeding from a point Q are reflected at a curve, then the secondary 
caustic is the locus of the feet of the perpendiculars let fall from the point Q upon 
the tangents of a curve similar to and similarly situated with and twice the magni- 
tude of the reflecting curve, and such that the two curves have the point Q for a 
centre of similitude. 


IX, 


If rays proceeding from a point Q are reflected at a line, the reflected rays will 
proceed from a point q situate on the perpendicular let fall from Q, and at an equal 
distance on the other side of the reflecting line. The point q may be spoken of as 
the image of Q; it is clear that if Q be considered as a variable point, then the 
locus of the image q will be a curve equal and similar but oppositely situated to 
the curve, the locus of Q, and which may be spoken of as the image of such curve. 
Hence it at once follows, that if the incidental rays are tangent, or normal, or indeed 
in any other manner related to a curve, then the reflected rays will be tangent, or 
normal, or related in a corresponding manner to a curve the image of the first- 
mentioned curve. The theory of the combined reflexions and refractions of. a pencil 
of rays transmitted through a plate or prism, is, by the property in question, rendered 
very simple. Suppose, for instance, that a pencil of rays is refracted at the first 
surface of a plate or prism, and after undergoing any number of internal reflexions, 
finally emerges after a second refraction at the first or second surface; in order to 
find the caustic enveloped by the rays after the second refraction, it is only necessary 
to form the successive images of the first caustic corresponding to the different reflexions, 
and finally to determine the caustic for refraction in the case where the incident 
rays are the tangents of the caustic which is the last of the series of images; the 
problem is not in effect different from that of finding the caustic for refraction in 
the case where the incident rays are the tangents to the caustic after the first re- 
fraction, but the line at which the second refraction takes place is arbitrarily situate 
with respect to the caustic. Thus e.g. suppose the incident rays proceed from a 
point, the caustic after the first refraction is, it will be shown in the sequel, the 
evolute of a conic; for the complete theory of the combined reflexions and refractions 
of the pencil by a plate or prism, it is only necessary to find the caustic by refraction, 
where the incident rays are the normals of a conic, and the refracting line is arbitrarily 
situate with respect to the conic. 


V. 


Suppose that rays proceeding from a point Q are refracted at a line; and take 
the refracting line for the axis of y, the axis of æ passing through the radiant point 
Q, and take the distance QA for unity. Suppose that the index of refraction p is 


put equal to 3 Then if $ be the angle of incidence and $' the angle of refraction, 
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J 


v i 


we have sing’=ksing, and the equation y —2tan$'—tan $ of the refracted ray 
becomes, putting for $' its value, 
|| ,ksin $ 
y 1— sin? ¢ 
Differentiating with respect to the variable parameter and combining the two equations, 
we obtain, after a simple reduction, 


æ —tan $ — 0. 


 Q- ksin o) 


"e cos? $ : 
«0 e 
FR egg $" 


where k'/  /1—1?; hence eliminating, 
(kx) — (kyž = 1, 


which is the equation of the caustic. When the refraction takes place into a denser 
medium £A is less than 1, and £^ is positive, the caustic is therefore the evolute of 
a hyperbola (see fig. 1); but when the refraction takes place in a rarer medium k 
is greater than 1, and k” is negative, the caustic is therefore the evolute of an 
ellipse (see fig. 2) These results appear to have been first obtained by Gergonne. 
The conie (hyperbola or ellipse) is the secondary caustie, and as such may be obtained 
as follows. 


VT. 


The equation of the variable circle is 
a? + (y — tan p} — k? sec $ = 0; 
or reducing, the equation is 
à? + y? — 2y tan $ + k” tan? ġ — k= 0: 
whence, considering tan $ as the variable ‘parameter, the equation of the envelope is 
k^? (a? +y — 19) — y — 0, 
that is, 
ka? — ky — kk” = 0, 
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or 


is the equation of the secondary caustic, or conic having the caustic for its evolute. 
The radiant point, it is clear, is a focus of the conic. 


VII. 
Let the equation of the refracted ray be represented by 
Xa+ VYy+Z=0, 


we have 
— ksin $ 
AX :: E 1:-t j 
V1 — k? sin? $ cs 
from which we obtain 
it ue 1 
X ys Z7 


for the tangential equation of the caustic; or if we represent the equation of the 
refracted ray by 


Xa Yy—k-0, 
then we have 

P! d.1 

x» y p 


for the tangential equation əf the caustic. 


Fig. 1. 
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VIII. 


If à ray be reflected at a circle; we may take a, b as the coordinates of the 
centre of the circle, and supposing as before that £, » are the coordinates of a point 
Q 1n the incident ray, a, B the coordinates of the point G of incidence, and a, y 
the coordinates of a point q in the reflected ray, the equation of the reflected ray, 
treating æ, y as current coordinates, is 

((b — 8) (« — a) — (a — a) (y — B)} ((a — a) (£ — a) + (6 — 8) (n — B)} 

+ {(a — a) (x — a) + (b — B)(y — 8) (b — 8) (E — a) — (a — a) (n — 8)) = 0. 
Write for shortness, 
No, a= (b— B) (z — a) — (a — a) (y — B), 
Tag =(a— a) (z — a) + (b — 8) (y — B). 
and similarly for Vg e, &c.; the equation of the reflected ray is 
No el o,g+ To, SN, o — 0. 


Suppose that the reflected ray meets the circle again in G' and undergoes à 
second reflexion, and let 2’, y’ be the coordinates of a point q’ in the ray thus twice 
reflected. We see first (G' being a point in the first reflected ray) that 

Ng, aTeo, o t Tg, No, o — 0. 
Again, considering G as a point in the ray by the reflexion of which the second 
reflected ray arises, the equation of the second reflected ray is 

Ng eT, e t Ty, e No 9 —0; 
and from the form of the expressions NV, & T, it is clear that 

Ns o =- Neo Tee 7t Tea; 

the equation for the second reflected ray may therefore be written under the form 

Ng aTe, a— Ty e Nea =0; 
or reducing by a previous equation, we obtain finally for the equation of the second 
reflected ray, 

Ng, oTo o Tq, No 970; 
and in like manner the equation for the third reflected ray is 

Ny, e Te, o + Tq Ne, o — 0, 
and so on, the equation for the last reflected ray containing, it will be observed, the 
coordinates of the radiant point and of the first and last points of incidence (the 
coordinates of the last point of incidence can of course only be calculated from those 
of the radiant point and the first point of incidence, through the coordinates of the 
intermediate points of incidence), but not containing explicitly the coordinates of any 
of the intermediate points of incidence. The form is somewhat remarkable, but the 


result is really the same with that obtained by simple geometrical considerations, as 
follows. 
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IX. 


Consider a ray reflected any number of times at a circle; and let GG, be the 
ray incident.at G, and GG' the last reflected ray, the point at which the reflexion 
takes place or last point of incidence being G. Take the centre O of the circle for 


the origin, and any two lines Oz, Oy through the centre and at right angles to each 
other for axes, and let Oz meet the circle in the point A. Write 


ZAOG, = ,, 2aG,G,= Who, 
LAO Ss PEO Ae EY 
20,60 =9; 


then the radius of the circle being taken as the centre of the circle, the equation 
of the reflected ray is 


y — sin 0 = tan yv (æ — cos 0) ; 
and if there have been n reflexions, then \ 
0 =, +n (v — 29) — 0, -- mr — 2nd, 
p= Wo — 2nd, 
and therefore the equation of the reflected ray is 


y cos (fro — 2n) — « sin (ro — 2n) + (—)" sin (Yo — A) = 0. 


X. 


If a pencil of parallel rays is reflected any number of times at a circle, then 
taking AO for the direction of the incident rays, we may write 0,— $, W=7, and 
the equation of a reflected ray is 


æ sin 2nd + y cos 2nd = (—)" sin $; 
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differentiating with respect to the variable parameter, we find 


æ cos 2nd — y sin 2nd = (—)" = cos $; 


and these equations give 


s- ET (2n 4 1) eos (2n — 1)  — n — 1) eos (2n 1) 4h, 
y= | (2n + 1) sin (2n — 1) $ + (2n — 1)sin (n 1$]. 


which may be taken for the equation of the caustic; the caustic is therefore an 
epicycloid: this is a well-known result. 


XI. 


If rays proceeding from a point upon the cireumference are reflected any number of 
times at a circle then taking the point A for the radiant point, we have œ = 0, 
A, — 7 — $, and the equation of a reflected ray is 


æ sin (2n + 1) $ +y cos (2n + 1) $ =(—} sin $; 


differentiating with respect to the variable parameter, we find 


cos (2n 4-1) $ -ysin 2n 1) $— (-Y z sin ó; 


and these equations give 


M im (n+ 1) cos 21$ — neos (2n +2) 6) , 


y- pot as f- (n + 1) sin 2nd + n cos (2n +2) 2 , 


which may be taken as the equation of the caustic; the caustic is therefore in this 
case also an epicycloid: this is a well-known result. 


XII. 


Consider a pencil of parallel rays refracted at a circle; take the radius of the 
circle as unity, and let the incident rays be parallel to the axis of z, then if ¢, $' 


be the angles of incidence and refraction, and 4 or i be the index of refraction, so 


that sin $'— ksing, the coordinates of the point of incidence are cos ¢, sing, and 
the equation of the refracted ray is 

y — sin $ = tan ($ — $^) (x — cos $), 
i.e. 


cos ($ — $^) (y — sin $) — sin ($ — $^) (w— cos $), 
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or 
y cos (h — $) — x sin($ — $^) = sin Ø’, 
which may also be written 
(y cos 6 — æ sin p) cos $' + (y sin $ + æ cos o — 1) sin $' = 0. 
Writing k sin $, V 1- k? sin? $ instead of sin $', cos $’, and putting for shortness 
y cos $ — «sin d= Y, 
ysin $ +xcos $ = X, 
k sin $ " 
Vi-Psw$ 
the equation of the refracted ray becomes 


Y+@(X-1)=0; 


and differentiating with respect to the variable parameter $, observing that 


dY dX 
o o nen 
dob | k cos ġ cot $ 


dp | (1 — k? sin? "n 1 — k’ sin? $ 


we have 


-Xx«e(re Tries 2)- 0, 


and the combination of the two equations gives. 


y... 0 - I? sin ) 


" d$eot$-l ' 
y- Lote- k sing 
cotó—1  ' 
and we have therefore 
2 k? sin? $ ( cot $ — 1) : 
= Y = ————— o 
y cos $ + X sin $ Savi k? sin? $, 


o Cz E ke sin’ $ ) — k? sin? $ cos $ 
cot $—1 


> 


2=Xcos¢—Ysing= 


i.e. 


® (1 — k? sin‘ $) — pe eee 
® cos $ — sin $ 


“= 
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or multiplying the numerator and denominator by (1— sin’? ¢)(®cos¢+sin $), the 
numerator becomes 


(1 — k sin? p) (d? cos $ (1 — k? sint $) — k? sint $ cos $ 
+ (sin $ (1 — k? sin? p) — k? sin? ¢ cos $)] 
= k? sin? $ cos $ ((1 — k? sin‘ $) — sin? $ (1 — k? sin? ¢)} 
+ k sin? $ V1 — I? sin? $ (1 — k? sin? $) 
= k? sin? $ cos? $ + k sin? $ (1 — k? sin? $), 
and the denominator becomes 3 
k? sin? $ cos? $ — (1 — A? sin? $) sin? $ 
= — k^? sin? $, 
if kaS l=. 


Hence we have for the coordinates of the point of the caustic, 


ke — — k? cos? ¢ — k (1 — ksin? p}, 
y= k'sin*¢; 


and eliminating ¢, we obtain for the equation of the caustic, 
ku = — k? {1 — k?y?) è — k {1 — 4$; 
or writing : instead of k, we find 


(1 — w) a = (1 — pty?) + (1 — pty’)! 


for the equation of the caustic by refraction of the circle, for parallel rays. The 
equation was first obtained by St Laurent. 


XIII. 


The discussion of the preceding equation presents considerable interest. In the 
first place to obtain the rational form write 


a =(1— x) æ, 82 (1—u5y)*, y 4 (1 py): 
this gives 


at — 2a? (B? + y?) + (8* — y? = 0, 
and we have 


B =1 — Buby? + 8pdy? = pty’, 
and consequently 


B: = y= (1 — pè) {1 — Buty? + (1 + u?) y). 
44— 2 
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Hence dividing out by the factor (1— 4’), the equation becomes 
(1 =p)? a^ — 2 (1+ gà — Guty? + But (1+ p) yt — (L+ at) yp) 2a + (1 —Budyt + (1-4 1) y! 0; 
or reducing and arranging, 
(1 — uà a* — 9 (1 4- u?) a? 4- 2 (1 ^ i) ?y* -- 1-7 2 (1 9) y? - H y yt 
+ (1242 + Quy?) y — (Gut (1 + p?) a + 6p? + 653 (1 + p°) y?) y? =0, 
which is of the form 
A +3u*By* — 6,30y$ =0; 
and the rationalized equation is : 
A? + 97,4 By? — 21642095 + 542A BC? = 0, 

where the values of A, B, C may be written 

A=(@+y) (1.— p à 4- (1 p yf] - 2 (1L +) (@ =) 41, 

B = 42° + 3y’, 

C= (1 +w) (etyl; 


the caustic is therefore a curve of the 12th order. 


To find where the axis of æ meets the curve, we have 


y=0, A, —0, 
where 
A,=(1—pPat-2(1 +p) rl 
={(1- p} 2 —1) (1 92-1), 
i.e. 


Lp 
\ 
w=t - y aet 


Å l—p l+p 


or there are in all four points, each of them a point of triple intersection. 


To find where the line o meets the curve, we have 


e, A^ m0, 
where 
4' z (9 t y?) ((1 — uPy a? -- H jp? y, 
1.e. 
o0, 
ey EY +p. 
(em EM Rana 
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or the curve meets the line co in four points, each of them a point of triple 
intersection: two of these points are the circular points at oo. 


To find where the circle 24*--3?— 1 meets the curve, this gives 2?— 1— y?, and 
thence 


A = p? (g^ — 4) +4 (14 29) y^, 
dim ik j^ 
C =p? + 2, 
and the equation becomes 
(u^ (pè — 4) + 4 (1 + Qu’) y + 27 pt (4 — y*? y? — 216 (p + 2 yf 
+ 549) (p? + 2) y? (& — y?) {p Q? — 4) + 4 (17 227) y} — 0, 


which is only of the eighth order; it follows that each of the. circular points at oo 
(which have been already shown to be points upon the curve) are quadruple points 


of intersection of the curve and circle. The equation of the eighth order reduces 
itself to 


(y? E. m 3 {27 uty? ae (p? m 4)?} pes 0; 


the values of æ corresponding to the roots y=+ m are obtained without difficulty, 
and those corresponding to the other roots are at once found by means of the 
identical equation 


(uw? — 4Y + 274 + (1 — p’) (Ww? + 8? 20; 


we thus obtain for the coordinates of the points of intersection of the curve with 
the circle a?--y*— 1, the values 


( 2 een 
gu 0 E8N1- p s 


i abuti Lan dos; anat 
=+1 , =1t4, — 4) 
=r y y H pa ph 4)? t 

3/312 


each of the points of the first system being a quadruple point of intersection, each 
of the points of the second system a triple point of intersection, and each of the 
pomts of the third system a single point of intersection. 


Next, to find where the circle ah rm d meets the curve; writing iic s y, 
7 7 


We obtain for y an equation of the eighth order, which after all reductions is 


(y -— x) {27 pmty? + (1 — 49^] = 0, 
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and we have for the coordinates of the points of intersection, 


( 
us 1 
f 1 1 CANE 
oo [e- «I i- 1, EN ch ET uh 
iio à SB epe 
æ= ty, 1 | a 
zm-—. Le 3 
y mou ag ys 
8V3u 


each of the points of the first system being a quadruple point of intersection, each 
of the points of the second system a triple point of intersection, and each of the 
points of the third system a single point of intersection. 

The points of intersection with the axes of æ, and the points of triple inter- 
. section with the circles a2+y?=1 and a+ are are all of them cuspidal points; 
the two circular points at o are, I think, triple points, and the other two points of 
intersection with the line oo, cuspidal points, but I have not verified this: assuming 
that it is so, there will be a reduction 54 accounted for in the class of the curve, 
but the curve is, in fact, as will be shown in the sequel, of the class 6; there is 
consequently a reduction 72 to be accounted for by other singularities of the curve. 


XIV. 


It is obvious from the preceding formule that the caustic stands to the circle, 
radius 5, in a relation similar to that in which it stands to the circle, radius 1, i.e. 
to the refracting circle. In fact, the very same caustic would have been obtained if 


the circle radius i had been taken for the refracting circle, the index of refraction 
being z instead of u. This may be shown very simply by means of the irrational 
form of the equation as follows. 


The equation of the caustic by refraction of the circle, radius 1, index of refraction 
p, is as we have seen 


(1 — py?) = (1 — uiy$)* + w (1 — i35; 


hence the equation of the caustic by refraction of the circle radius c', index of 


refraction yp’, is 
M "PT, MES. ¿[Y $)3 
(7| 99 fı i (2) i fı i (y $ 
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or, what is the same thing, 
(l-u) F= fı - petya + rat -— "an : 
cu m 


which becomes identical with the equation of the first-mentioned caustic if u/—c'— 


TIH 


Hence taking c instead of 1 as the radius of the first circle, we find, 


THEOREM. The caustic by refraction for parallel rays of a circle, radius c, index 
of refraction p, is the same curve as the caustic by refraction for parallel rays of a 


s ME a "dau 
concentric circle, radius —, index of refraction -. 
m 


XV. 
We may consequently in tracing the caustic confine our attention to the case in 
which the index of refraction is greater than unity. The circle, radius zi will in this 


case be within the refracting circle, and it is easy to see that if from the extremity 
of the diameter of the refracting circle perpendicular to the direction of the incident 


rays, tangents are drawn to the circle, radius 3 the points of contact are the points 


of triple intersection of the caustic with the last-mentioned circle, and these points 
of intersection being, as already observed, cusps, the tangents in question are the 
tangents to the caustic at these cusps. The points of intersection with the axis of 
æ are also cusps of the caustic, the tangents at these cusps coinciding with the axis 
of v: two of the last-mentioned cusps, viz. those whose distances from the centre are 


+ "S , lie within the circle, radius H the other two of the same four cusps, viz. 


those whose distances from the centre are + 


Te G lie without the circle, radius 
ii the last-mentioned two cusps lie without the refracting circle, when ,,«2, upon 


this circle, when 4-22, and within it and therefore between the two circles, when 
12. The caustic is therefore of the forms in the annexed figures 3, 4, 5, in each 


nare 
~ 


^ 
Su on 
— Lee 
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of which the outer circle is the refracting circle, and w is >l, but the three figures 
correspond respectively to the cases p< 2, ~=2 and u 2. The same three figures 
will represent the different forms of the caustic when the inner circle is the refracting 
circle and w is« l, the three figures then respectively corresponding to the cases 


>$, 5 3, and p< 1. 


XVI. 


To. find the tangential equation, I retain & instead of its value z ; the equation 
of the refracted ray then is 
æ (k cos $ — VI — kè sin? p) + y (k sin $ + cot $ V1— k sin? $) — k = 0, 
and representing this by 
Xo 4 Yy—k- 0, 
we have 

X —kcos p — V1 — E? sin? $, 
Y = ksin $ + cot $ V1 — k* sin? ¢, 

equations which give 
X cos $ + Y sin ġ =k, 


1 
d ~ sin? p’ 
and consequently 
, 1 
nt) E 
cos $ó = Paasche nt 
Very” 


and we have 

XVX + V?-14+ Y—kVX*+ Y?=0, 
which gives 

(X? + Y) (X?-1—#)=—2kYvVX*+ Y*; 
or, dividing out by the factor VX?+ Y?, the equation becomes 


VX? 4- YS(:XG-1— 489) =- QkY, 
from which 
(X?+ Y*)(X?-1-—FY-4Y*=0; 
or reducing and arranging, we obtain 
A*(X-1-P!yF- V2(X4+14+k)(X+1-k)(X -14+k)(X-1-h)=0 


for the tangential equation of the caustic by refraction of a circle for parallel rays. 
The caustic is therefore of the class 6. 
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XVII. 


Suppose next that rays proceeding from a point are reflected at a circle. 
A very elegant solution of the problem is given by Lagrange in the Mém. de 


Turin; the investigation, as given by Mr P. Smith in a note in the Cambridge and 
Dublin Mathematical Journal, t. ii. [1847] p. 237, is as follows: 


Let B be the radiant point, RBP an incident ray, and PS a reflected ray; CA 
a fixed radius; ACP=a, ACB=e, reciprocal of CB=c, reciprocal of CP=a. The 


equations of the incident and reflected ray, where u=}, may be written 


u=Asin@+Bcos@; incident ray, 
u = A sin (2a — 0) + B cos (2a — 0); reflected ray, 
the conditions for determining A and B being 
a = À sin a + B cos a, 
c =Á sin e 4- B cos e, 


whence 


Q cos € — C COS A csin a — asin e 
A z————,B2——————. 
sin (a — e) sin (a — €) 


Substituting these values, the equation of the reflected ray becomes 
a sin (2a — 0 — e) = u sin (a — e) + c sin (a — 0), 
from which and its differential with respect to the arbitrary parameter a, the equation 
of the caustic, or envelope of the reflected rays, will be found by eliminating a. 
In this, a being the only quantity treated as variable in the differentiation, let 
2a—0—e=2¢, 
therefore 


a=o+43(0+¢6), 
€. II. 45 
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and the equation becomes 


a sin 26 = usin ($ + 3 (0 — €)) + csin {p — 4 (0 — e)]. 


Make 
pats) cos $ (0 — €) 
" 2a í 
p (wu — c) sin 1 (0 — e) 
ei 2a, | 
also 
"TES 
Toos’ ^^ sin$' 
then the equation becomes 
Pa + Qy =1, 
with the condition 
sety =l 


Hence 
P-7,Q-Ay*; 
multiplying by æ and y, and adding, we find X —1; therefore 
a-P, y= QÈ. 
Hence 
PS .Q-1; 
or restoring the values of P and Q, : 
{(w +c) cos 4 (8 — e)]3 + ((u — c) sin 4 (0 — e) — 1, 


the equation of the caustic. 


XVIII. 


But the equation of the caustie for rays proceeding from a point and reflected 
at a circle may be obtained by a different method, as follows: 


Take the centre of the circle for origin; let c be the radius of the circle, a, b 
the coordinates of the radiant point, a, 8 the coordinates of the point of incidence, 
æ, y the coordinates of a point in the reflected ray. Then we have from the equation 
of the circle #+?=c?, and the equation of the reflected ray is by the general 
formula, 


(ba — aß) (aw + By — y+ (ya — zB) (aa + b8 — e) =0; 
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or arranging the terms in a different order, 
(ba + ay) (a — B?) 4-2 (by — ae) a8 — (b - y) a-- (a - 2) 8-0; 
and writing herein a= c cos 0, 8 —csin6, the equation becomes 


(ba + ay) cos 20 + (by — ax) sin 20 — (b + y) c cos 0 + (a + æ) c sin 0 — 0, 


where 0 is a variable parameter. 


Now in general to find the envelope of 
A cos 26+ B sin 20 + C cos 0 + D sin 0 + E — 0, 
we may put e? =z, which gives the equation 
(A — Bi) A+ (C — Di) 2+ 2E2 + (0 + Di)z - (A + B1) 2 0, 
and equate the discriminant to zero: this gives 
(47)? — 27 (— 8Jy = 0. 
where 
4I = 4 (A? + B) - (C + D» -- & E», 
— 8J = A (Œ — D*)+ 2BCD — {8 (4? + B?) + (C + D) 4E + $F, 

and consequently 

(4 (A? + B?) — (C? + D*) +4 E} 

— 27 (A (C — D?) + 2BCD — (8 (A? + B») + (C + D2) 4E + E33 =0; 
and substituting for A, B, C, D, E their values, we find 
(4 (a? + b?) (a? + y?) — e ((a + ay + (y + by) ! — 27 (bx — ayy (a? +y — à? — BY = 0, 

for the equation of the caustic in the case of rays proceeding from a point and 


reflected at a circle: the equation was first obtained by St Laurent. 


It will be convenient to consider the axis of æ as passing through the radiant point; 
this gives b=0; and if we assume also c —1, the equation of the caustic becomes 


{(4a? — 1) (£ + y?) — 2a« — a} — 27a*y? (a? + y? — a? — 0. 


XIX. 
Reverting to the equation of the reflected ray, and putting, as before, c — 1, b — 0, 
this becomes 


a cos 20 — cos 0 
(— 2a cos 0 -- 1) « + — — 


+a=0; 


differentiating with respect to 0, we have 


— a cos 0 (1 + 2 sin* 0) +1 
sin? 0 Y 


(— 2a sin 0) « + 
45—2 
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and from these equations 
. G?cos0(1-r2sin* 0)—a 
^ 1-32acos20--92a*? ’ 
i 2a? sin? 0 
Y =T= 8a cos 20 + 2a? 
which give the coordinates of a point of the caustic in terms of the angle @ which 
determines the position of the point of incidence. The values in question satisfy, as 
they should do, the equation 
((4a? — 1) (a? + y?) — 2ax — a?j? — 27a*y? (à? + y* — a? = 0; 
we have, in fact, 
4a? (cos 0 — a)? 
hid St eee eee a die albe 
Qu f (1 — 3a cos 20 + 2a?y ' 
12a‘ (cos 0 — ay 
(1 — 3a cos 20 + 2a?)?’ 


from which it is easy to dérive the equation in question. 


(4a? — 1) (a? + y?) -2ac — à? = 


XX. 


If we represent the equation of the reflected ray by 
Xa+ Yy+a=0, 
then we have 
.X =—2acos6+1, 


cos 20 — cos 
Dr p a 
and thence 
(X — 1) — 4a? = — 4a? sin? 6, 
rs 
sin? 


X+ y? r (1 — 2a cos 0 +.a?), 


X + @ = 1 — 2a cos 0 + æ, 
. and consequently 
(X? + Y?) (X — 1 — 4a?] + 4a?X + 4a* — 0, 
or, what is the same thing, 
(X (X 2 1) 2 2} + Y? (X — 1? — 4a?) = 0, 
which may be considered as the tangential equation of the caustic by reflexion of a 
circle; or if we consider X, Y as the coordinates of a point, then the equation may 


be considered as that of the polar of the caustic. The polar is therefore a curve of the 
fourth order, having two double points defined by the equations X (X — 1) — 2a? = 0, Y —0, 
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and a third double point at infinity on the axis of Y, ie. three double points in all; 
the number of cusps is therefore 0, and there are consequently 4 double tangents and 
6 inflections, and the curve is of the class 6. And as Y is given as an explicit 
function of X, there is of course no difficulty in tracing the curve. We thus see 
that the caustic by reflexion of a circle is a curve of the order 6, and has 4 double 
points and 6 cusps (the circular points at infinity are each of them a cusp, so that 
the number of cusps at a finite distance is 4): this coincides with the conclusions 
which will be presently obtained by considering the equation of the caustic. 


XXI. 


The equation of the caustic by reflexion of a circle is 
(4a? — 1) (a? + y?) — 2ax — a} — 27a?y* (a? + y? — a?) — 0. 
Suppose first that y —0, we have 
((4a? — 1) à? — 2ax — a°} = 0, 


= 


LB Mx Lr uini "rd 


or the curve meets the axis of œ in two points, each of which is a triple point of 
intersection. 


Write next a?--y^— a?, this gives 
((4a? — 1) a? — 2ax — a?) = 0, 
and consequently 
æ=— a(l — 2a’, 
y 9$ N ud 
or the curve meets the circle a?--j?— aà?— 0 in two points, each of which is a triple 
point of intersection. 
To find the nature of the infinite branches, we may write, retaining only the terms 
of the degrees six and five, 
(4a? — 1 (a? +) — 6 (4a? — 1? a (+ ya — 27 ay (à? yy 0; 
and rejecting the factor (a?--y?), this gives 
(4a? — 1)? 2? + (49? — 1)? — 2707} y — 6 (4? — 1) av — 0; 
or reducing, 
(4a? — 1)? à? —(1 — a?) (8a? +1) y — 6 (4? — lF a2—0; 
and it follows that there are two asymptotes, the equations of which are 
22 00-1 fe- 3a | 
d VI — a? (8a? +1) 4a? —1) 
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Represent for a moment the equation of one of the asymptotes by y= A (æ — a), 
then the perpendicular from the origin or centre of the reflecting circle is Aa - V1 + A?, 
and 


3a V 4a? — 1 
Aa z—————————, 
V1 —a? (1 + 8a?) 
1 yaad — a’) (1 + 8a")? + (4a?— lp | 27a? 
n (1 — a’) (1 + 8a?* ~ (1—a?)(1+ 8a???’ 
V1 gy ek N 
VI — a? (1 + 8a?) 
1 


and the perpendicular is J8 V4a?—1, which is less than a if only a?<1, ie. in every 
case in which the asymptote is real. 


The tangents parallel and perpendicular to the axis of æ are most readily obtained 
from the equation of the reflected ray, viz. 


a cos 20 — cos 6 


din? 90; 


(— 2a cos 0 - 1) z 


the coefficient of æ (if the equation is first multiplied by sin@) vanishes if sin 0-0, 


E 
which gives the axis of x, or if cos — 5, which gives y — pus for the tangents 


parallel to the axis of z. 


The coefficient of y vanishes if a cos 20 —cos 0 — 0; this gives 


_14+V8a? +1 


1 3 2 T 2 | 
dá , sin 0 =<, (4a —1 73 V8a? 4 1), 


cos @ 


and the tangents perpendicular to the axis of æ are thus given by 
— 2a 
! oem ME UNIWIittme P 
lt wW8g +1 
these tangents are in fact double tangents of the caustic. In order that the point of 
contact may be real, it is necessary that sin 6, cos@ should be real; this will be the 


case for both values of the ambiguous sign if a> or—1, but only for the upper 
value if a « 1. 


It has just been shown that for the tangents parallel to the axis of æ, we have 


D Nia —1 
A xis MU 
: , 4g? — 1 
the values of y being real for a>}: it may be noticed that the value y= 2q 
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: — ; 1 é 
is greater, equal, or less than or to y= 2a? VI —@, according as a>= or < a this 


depends on the identity (4a? — 1) — 16a‘ (1 — a?) = (2a? — 1y (2a? + 1). 


To find the points of intersection with the reflecting circle, 2?+y?—1=0, we have 
(8a? — 1 — 2ax)* — 27a? (1 — à?) (1 -af =0 
or, reducing, 
Sata’ + (— 27a + 18a? — 15) aa? + (54a* — 36a? + 6) aw + (— 27a4 + 18a? + 1) — 0, 
i. e. (ax — 1} (Sas — 27a‘ + 18a? + 1)=0. 


The factor (ax —1} equated to zero shows that the caustic touches the circle in 


the points c -i, y=ta/l1 nI i.e. in the points in which the circle is met by the 


2? 
polar of the radiant point, and which are real or imaginary according as a> or <1. 
The other factor gives 
2703 — 182? - 1 
ig 8a 


Putting this value equal to +1, the resulting equation is (a F 1) (27a? + 9a -- 1) — 0, and 
it follows that x will be in absolute magnitude greater or less than 1, ie. the points 
in question wil be imaginary or real, according as a>1 or a< 1. 


It is easy to see that the curve passes through the circular points at infinity, 
and that these points are cusps on the curve; the two points of intersection with the 
axis of æ are cusps (the axis of æ being the tangent), and the two points of inter- 
section with the circle a?--y*— a?— 0 are also cusps, the tangent at each of the cusps 
coinciding with the tangent of the circle; there are consequently in all 6 cusps. 


XXII. 


To investigate the position of the double points we may proceed as follows: write 
for shortness P = (4a? — 1) (2 + y?) — 2az — à?, Q=ayS, S-x--y* —a; the equation of the 
caustic is 


P-291Q 2-0; 

hence, at & double point, 

P _ 189% = 

da 

pt dm 189 7, T ; 
one of which equations may be UA. by 

dP dQ AP dQ. 

dx dy dy dæ 
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PLI (4a? — 1) æ — a}, a; -? (4a? — 1) y, 

I8 i gaay, do ma (at + Sy - à) ea (S+): 


substituting these values in the last preceding equation, we find 
(43 —1)2—0o — 2zy 
(44—1)y S+ 


or, reducing, 


2 
(din ydo. 


and using this to simplify the equation 


,QP dQ | 
we have 
4ay? 
I" i ns 18ayS . 2axy = 0, 
ie. A - gus = 0, 
and therefore 
P? 
Multiplying by P and writing for P? its value 27a*y"S*, we have 
Pao = 3ay’, 
and thence 
| 8ay’ bs 27a^y* ii TM 
P= "e Er = 9708, 
whence 
ay" sp aly? _ or pos 
x — , ot TRU I S Miis: o 


and substituting in the equation 
we find 


or, rationalising, . 
4aa? — ((4a? — 1) x — a}? = 0, 
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or, what is the same thing, 


(4az — 1) (e — a (a +iv1 ai y) (z — a(a —iW1—a y)- 0. 
The factor 4az —1 equated to zero gives #= from which y may be found, but the 


resulting point is not a double point; the other factors give each of them double 
points, and if we write 


w=a(at+ivVl—a'y, 
we find 


_ 2ai(a+ivl—a)t 
(3a -iV1—a!y 
values which, in fact, belong to one of the four double points. It is easy to see that 
the points in question are always imaginary. 


It may be noticed, by way of "ines that the preceding values of æ, y give 


(4a? — 1) (a? + y?) — 2az — a? = (1 — 4a? — 4ai V1 = aè), 


1 an 3 
a --y-ao = ap Bat VT), 
y = al 1 + 14a? — 16a‘ + 2a (8 — 8a?) i V1 — a’); 
and if the quantities within ( ) on the right-hand side are represented by A, B, C, then- 


whence we have identically, 


by means of which it appears that the values of z, y satisfy, as they should do, the 
equation of the caustic; and by forming the expressions for (4a* — 1) z — a and a*--3y* — a’, 
it might be shown, à posteriori, that the point in question was a double point. 


XXIII. 
The equation 


{(4a? — 1) (a? + 5?) — 2ax — œ} — 27a*y (à? - y? — à? =0 
becomes when a=1 (ie. when the radiant point is in the circumference), 
(35? + (x — 1) (3z + 1)? —27y (+ a — 19 —0; 


it is easy to see that this divides by (z— 1); and throwing out this factor, we have 
for the caustic the equation of the fourth order, 


21y* + 187? (32? — 1) + (x — 1) (3x + 1) — 0. 
Bi, 46 
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XXIV. 
The equation 
{(4a? — 1) (à? + 5?) — 2ac — œ} — 21 a^y? (a? + y? — oP =0 
becomes when æ= oo (i.e. in the case of parallel rays), 
(Aa? + 44 — 1} — 24 = 0, 
which may also be written 
645 + 482* (49? — 1) + 122? (4)? — 1)? + (8? + 1? (y? — 1) 20. 


XXV. 


It is now easy to trace the curve. Beginning with the case a=, the curve lies 
wholly within the reflecting circle, which it touches at two points; the line joining 
the points of contact, being in fact the axis of y, divides the curve into two equal 
portions; the curve has in the present, as in every other case (except one limiting 
case) two cusps on the axis of æ (see fig. 6). Next, if a be positive and >1, the 
general form of the curve is the same as before, only the line joining the points of 
contact with the reflecting circle divides the curve into unequal portions, that in the 


Fig. 6. a4 —o. Fig, 7. "WE 


neighbourhood of the radiant point being the smaller of the two portions (see fig. 7). 
When a=1, the two points of contact with the reflecting circle unite together at the 
radiant point; the curve throws off, as it were, the two coincident lines «=1, and the 
order is reduced from 6 to 4. The curve has the form fig. 8, with only a single cusp 
on the axis of æ. If a be further diminished, a<1> "s the curve takes the form 
shown by fig. 9, with two infinite branches, one of them having simply a cusp on 
the axis of w, the other having a cusp on the axis of #, and a pair of cusps at its 
intersection with the circle through the radiant point; there are two asymptotes equally 


inclined to the axis of æ. In the case 1s the form of the curve is nearly the 
same as before, only the cusps upon the circle through the radiant point lie on the 


axis of y (see fig. 10). The case a< =>} is shown, fig. 11. For a=4, the two 
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asymptotes coincide with the axis of æ; one of the branches of the curve has wholly 
disappeared, and the form of the other is modified by the coincidence of the asymptotes 


3g. 2) uw. Fig. 9. a<1>—. Fig. 13; "sa 


1 
3: 
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` 


with the axis of æ; it has in fact acquired a cusp at infinity on the axis of w (see 
fig. 12). When a «4, the curve consists of a single finite branch, with two cusps on 
the axis of æ, and two cusps at the points. of intersection with the circle through 
the radiant point; one of the last-mentioned cusps will be outside the reflecting circle 
as long as a>4; fig. 13 represents the case a=4, for which this cusp is upon the 
reflecting circle. For « «1, the curve lies wholly within the reflecting circle, one of 
the cusps upon the axis of x being always within, and the other always without the 
circle through the radiant point, and as a approaches O the curve becomes smaller 
and smaller, and ultimately disappears in a point. The case a negative is obviously 
included in the preceding one. 


Several of the preceding results relating to the caustic by reflexion of a circle 
were obtained, and the curve is traced in a memoir by the Rev. Hamnet Holditch, 
Quarterly Mathematical Journal, t. 1. [1857, pp. 98—111]. 

46—2 
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Suppose next that rays proceeding from a point are refracted at a circle Take 
the centre of the circle as origin, let the radius be c, and take é, ņ as the coordi- 
nates of the radiant point, a, @ the coordinates of the point of incidence, z, y the 
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XXVI. 


coordinates of a point in the refracted ray: then the general equation 


becomes, taking the centre of the circle as the point N on the normal, or writing 


a=b, b=0, 


—4G VOGN +e QG VqGN =0 


— ((r — a + (y — BY} (BE — an} + p — & + (n — B)*} (Ba — ay? —0; 


or putting œ + 6?=c’, an 


d expanding, 

aè (2 (rz — p*y*€)} 
+ 0B [— 4 (Env — way) + 2 (ny — p*y’n)} 
+a? (— 4 (Eny — weyn) + 2 (Po — pat) 
+ B® {2(&y — wm) 
— a? {(a? + y? + e)? — HE Ty +0") y? } 
+ 2a8 {(a? + y* + €) £p — w (E+ n + c*) wy} 
-E (@+y te) —w(P +7 +c) a} 
= 0, 


which may be represented by 


Aa + BÆB + Cab? + DA + Fe + Gag + HA =O. 


Now œ + &= c, and we may write 


a=}o(2 +=), 8--3a(s - ). 


The equation thus becomes 


A (2+2) - Bi(s 


or expanding, 


Y 6-9-e9 6-3 -»(-3) 


ez F(2+2) 2 Gi (24 ;( -D-in 


A 


(A-Bi-O-Di #2 


+2(F- Gi- H) 2 
+ (3A4— Bi C43Di) z 
£54 H) 


eG 
+ (84+ Bit C— 8Di) : 


£5 (Fe Gi - H) 


PPR LOU à 
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in which z may be considered as the variable parameter; hence the equation of the 
caustic may be obtained by equating to zero the discriminant of the above function 
of z; but the discriminant of a sextic function has not yet been calculated. The 
equation would be of the order 20, and it appears from the result previously obtained 
for parallel rays, that the equation must be of the order 12 at the least; it is, I think, 
probable that there is not any reduction of order in the general case. It is however 
practicable, as will presently be seen, to obtain the tangential equation of the caustic 
by refraction, and the curve is thus shown to be only of the class 6. 


XXVII. 


Suppose that rays proceeding from a point are refracted at a circle, and let it be 
required to find the equation of the secondary caustic: take the centre of the circle as 
origin, let c be the radius, £, y the coordinates of the radiant point, a, 9 the coordinates 
of a point upon the circle, u the index of refraction; the secondary caustic will be 
the envelope of the circle, 


p? (v — ay + (y— BY} — (EF — a? + (n — BY} =O, : 
where a, 8 are variable parameters connected by the equation a+ 6?—c?=0; the 
equation of the circle may be written in the form  - 


p? (9 + y^ 0) (E+ 0) 2 (ww — E) a- 2 (py —) B—0. 
But in general the envelope of Aa+B8+C=0, where a, Æ are connected by the 
equation a? + 9*— c? = 0, is c' (A? + B?) — C* 20, and hence in the present case the equation 
of the envelope is 


(p? (à? + y? + 9) - (E+ 9° e) = 4e (ura — EY + (wry nY), 
which may also be written 

(p? (æ F y- e) - (P xm — 0) = 4ey (e — E + (y —]. 
If the axis of æ be taken through the radiant point, then » =0, and writing also 
&=a, the equation becomes 


(p? (8 - y — 0) - a! x e = cj (ay t yl; 
or taking the square root of each side, 

(u? (a? + y? — e) —a? +o) = 2cu V (x — a y; 

à iy 
whence multiplying by 1- 5 and adding on each side c? (u - z) +(@— a} +y, we have 
( a\? v ——— LM 

«(eS or) pecore te 
or 

WA, (2- t) eate Gay y +e (u=), 

p’ E 


which shows that the secondary caustic is the Oval of Descartes, or as it will be con- 
venient to call it, the Cartesian. 
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It is proper to remark, that the Cartesian consists in’ general of two ovals, one 
of which is the orthogonal trajectory of the refracted rays, the other the orthogonal 
trajectory of the false refracted rays. In the case of reflexion, the secondary caustic 
is a Cartesian having a double point; this may be either a conjugate point, or a real 
double point arising from the union and intersection of the two ovals; the same 
secondary caustic may arise also from refraction, as will be presently shown. 


XXVIII. 


Reverting to the original form of the equation of the secondary caustic, multiplying 


1 ; f 2 en g l 
by ie (1 =; z) and adding on each side a(l- Z) im ((z — a + y%}, the equation 


becomes 
(e-9 «dj - Eee te- 9). 


or extracting the square root, 


VJ (2-2) «vm Eier y th- S). 


Combining this with the former result, we see that the equation may be expressed 
indifferently in any one of the four forms, 


Je 8 trek necare (e). 
Vle- S] «rmi ei (n-2). 
(1-2 e-i] m Ce) n) rn (E-H) varano 


It follows, that if we write successively 


w= a, C=0, pw=p (1) 

e Jeng Mec 

a’= — c=-, == 
X^ à pu (a) 

1 @ "M "E 
de dire OD adio (8) 

, E ‘ie @ 

a =q ; c=-, =- 
- w= (y) 

[ra Cu 

a =- P f=c, Po —— 
z c p (8) 

"s d a 
cp OM Sol TS | aal 
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or what is the same thing, 


=e, 0mm Qus. uem (1) 
2-5, "Ret baa (a) 
a=5,, o=S, bas (8) 
qiu =%, PE (y) 
"pias C= C4 p =H (8) 
a=", .-5, &a-$ ©, 


/9 2 / 
i C C a a 
a —a, er. Jie T. e Nes Por (1) 
a' uw" y 
e (a a’ 
/ 
a = — Gs, =a a 
a ? a e ru (a) 
/4 2 / 
a Cc [6 a 
/ 
a = — — = — — = (Q 
S A (8) 
/o , 2 
P Cc a a Cc 
a=a — = — =< — 
, a’ were na a (y) 
c? e GU 
/ 
Q7. Tm, Gea) (B) 
a a B^ p 
/o + 2 
a 6) a [6 
f = — = — 
ge eek ee 


we have in each case identically the same secondary caustic, and therefore also 
identically the same caustic; in other words, the same caustic is produced by six 
different systems of a radiant point and refracting circle. It is proper to remark that if 
we represent the six systems of equations by (a’, c, w’)=(a, c, p), (a’, e, u) =a(a, c, u), 
&c., then, a, B, y, 8, e will be functional symbols satisfying the conditions 

leafwefamy* -O0 Le 

a = 9 = òy = eò = ye, 

B=@ -9y6-8e€ =ey, 

ey = 6a= ae = eg = (80, 

ò = ea = ay = y = Be, 

€ — ya — a — 68 — f». 
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XXIX. 


The preceding formule, which were first given by me in the Philosophical Magazine, 
December 1853, [124] include as particular cases a preceding theorem with respect 
to the caustic by refraction of parallel rays, and also two theorems of St Laurent, 
Gergonne, t. XVIIL, [1827, pp. 1—19] viz. if we suppose first that a=c, ie. that the 
radiant point is in the circumference of the refracting circle, then the system (a) shows 


that the same caustic would be obtained by writing c, z 1 (or what is the same 


thing — 1) in the place of c, c, p, and we have 


THEOREM. The caustic by refraction for a circle when the radiant point is in the 
- circumference is also the caustic by reflexion for the same radiant point, and for a 
reflecting circle concentric with the refracting circle, but having its radius equal to the 
quotient of the radius of the refracting circle by the index of refraction. 


Next, if we write a=cy, then the refracted rays all of them pass through a point 
which is a double point of the secondary caustic, the entire curve being in this case 
the orthogonal trajectory, not of the refracted rays, but of the false refracted rays; the 


formula (6) shows that the same caustic is obtained by writing L, c, 1 (or what is 


the same thing — 1) in the place of a, c, w (- 7) , and we have 


THEOREM. The caustic by refraction for a circle when the distance of the radiant 
point from the centre is to the radius of the circle in the ratio of the index of 
refraction to unity, is also the caustic by reflexion for the same circle considered as 
a reflecting circle, and for a radiant point the image of the former radiant point. 


XXX. 


The curve.is most easily traced by means of the preceding construction; thus if 
we take the radiant point outside the refracting circle, and consider w as varying from 
a small to a large value (positive or negative values of p give the same curve), we 
see that when w is small the curve consists of two ovals, one of them within and 
the other without the refracting circle (see fig. 14). As mw increases the exterior oval 
continually increases, but undergoes modifications in its form; the interior oval in the 
first instance diminishes until we arrive at a curve, in which the interior oval is reduced 
to a conjugate point (see fig. 15); then as ,4 continues to increase the interior oval 
reappears (see fig. 16), and at last connects itself with the exterior oval, so as to 
form a curve with a double point (see fig. 17); and as , increases still further the 
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curve again breaks up into an exterior and an interior oval (see fig. 18); and thence- 
forward as w goes on increasing consists always of two ovals; the shape of the exterior 
oval is best perceived from the figures. An examination of the figures will also show 
how the same curves may originate from a different refracting circle and radiant point. 


Fig. 14. Fig. 17. 


eed) qmm 


Fig. 16. 


Fig. 18. 
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XXXI. 


The theorem, “If a variable circle have its centre upon a circle S, and its radius 
proportional to the tangential distance of the centre from a circle C, the envelope is 
a Cartesian," 
is at once deducible from the theorem— 


“If a variable circle have its centre upon a circle S and its radius proportional 
to the distance of the centre from a point C’, the locus is a Cartesian,” 


which last theorem was in effect given in discussing the theory of the secondary 
caustic. In fact, the locus of a point P such that its tangential distances from the 
circles C, C' are in a constant ratio, is a circle S. Conversely, if there be a circle C, 
and the locus of P be a circle S, then the circle C' may be found such that the 
: tangential distances of P from the two circles are in a constant ratio, and the circle 
C' may be taken to be a point, ie. if there be a circle C and the locus of P be 
a circle S, then a point C' may be found such that the tangential distance of P 
from the circle C is in a constant ratio to the distance from the point C". 


Hence treating P as the centre of the variable circle, it is clear that the variable 
circle is determined in vhe two cases by equivalent constructions, and the envelope is 
therefore the same in both cases. 


XXXII. 


The equation of the secondary caustic developed and reduced is 
pA (à? + 9°)? — 29? (a? + (uw? + 1) e?) (a? +y) + 8wa + at — are? (uw? + 1) + (ug? — 1f c* = 0, 

or, what is the same thing, 

(w (a? 4- y?) — (a? + (u? + 1) e)p + 8e'y^az — 4e (cu? + (u? + 1) a?) = 0, 
which may also be written 

(ety p +(1 +D 2)! + Z eae G +(1 + 5 2 zs 0, 
which is of the form 
(a? -- 9? — ay -- 164 (z — m) —0; 

and the values of the coefficients are 


1 
ge SOR d STE 
p 7 


i. 1 
cde 14- —)a |. 
m xa (+ + ie) 
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The equation just obtained should, I think, be taken as the standard form of the 
equation of the Cartesian, and the form of the equation shows that the Cartesian may 
be defined as the locus of a point, such that the fourth power of its tangential 
distance from a given circle is in a constant ratio to its distance from a given line. 


XXXIII. 


The Cartesian is a curve of the fourth order, symmetrical about a certain line 
which it intersects in four arbitrary points, and these points determine the curve. 
Taking the line in question (which may be called the axis) as the axis of z, and a 
line at right angles to it as the axis of y, let a, b, c, d be the values of æ corre- 
sponding to the points of intersection with the axis, then the equation of the curve is 


y y [22? — (a 4-5 dcc d) 2 — 1 (à? 4- D? -- c -- d? — 2ab — 2ac — 2ad — 2bc — 2bd — 2cd)] 
t (æ — a) (æ — b) (e — c) (x — d) 2 0. 


It is easy to see that the form of the equation is not altered by writing 2+ for az, 
and a+ 6, b--0, c-- 0, d-- for a, b, c, d, we may therefore without loss of generality 
put a+b+c¢+d=0, and the equation of the curve then becomes 


y + 3? (22? + ab 4- ac + ad + bc + bd + cd) + (x — a) (x — b) (x — e) (a — d) = 0, 
where 
a+b+c+d=0; 


the curve is in this case said to be referred to the centre as origin. 


The last-mentioned equation may be written 


(a? + y*) + (ab +. ac + ad + be + bd + cd) (a? + y?) — (abe + abd + acd + bed) æ + abcd = 0, 


or 
{a? + y? +4 (ab + ac +ad + bc + bd + cd)}? 
— (abe+ abd + acd + bed) « 
ab? + atc? + a?d? + bc? + bd? + ed? 
+ 2a?bc + 2a%bd + 2a*cd + 20?ac + 2b?ad + 2b*cd 
zi + 2c?ab + 2cad + 2c°bd + 2d?ab + 2d*ac + 2d?bc 
| + 2abcd 


or observing that 
abe + abd + acd + bac + Bad + bed 
+ cab + cad + ebd + d?ab + d?ac + d?bc 
— abc (a+b + c)+abd (a 4- b 4- d) -- acd (a + c+ d)+bed(b +c0+d) 


= — 4abcd, 
47—2 
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the equation becomes 
{a + y? + $ (ab + ac + ad + be + bd + cd) 

— (abc + abd + acd + bed) æ 

— 1 (ab + ac? + a?d? + be? + bd? + cd? — 6abed) = 0, 
which is of the form 

(2+ y* — ay -- 164 (a — m) — 0, 

and, as already remarked, signifies that the fourth power of the tangential distance of 
à point in the curve from a given circle, is proportional to the distance of the same 
point from a given line. The circle in question (which may be called the dirigent 
circle) has for its equation . 
à? 4- 4? +} (ab 4- ac - ad 4- bc -- bd + ed) 20; 
the line in question, which may be called the directrix, has for its equation 


a?b? + a?c? + a?d? + bc? + bd? + cd? — Gabed m 


idi 4 (abc + abd + acd + bed) vhi 
the multiplier of the distance from the directrix is 
abc + abd + acd + bed. 


It may be remarked that a, b, c, d being real, the dirigent circle is real; the equation 
may, in fact, be written 


ot y! = aD + (a + 0) + (at det (b +c)? + (b + d) + (e + dy. 


XXXIV 


Considering the equation of the Cartesian under the form 
(2? + y? — ay -- 16A (v — m) — 0, 


the centre of the dirigent circle æ? +y?—a=0 must be considered as a real point, 
but a may be positive or negative, ie. the radius may be either a real or a pure 
imaginary distance: the coefficients A, must be real, the directrix is therefore a real 
line. The equation shows that for all points of the curve w—m is always negative 
or always positive, according as A is positive or negative, ie. that the curve lies 
wholly on one side of the directrix, viz. on the same side with the centre of the 
dirigent circle if A is positive, but on the contrary side if A is negative. In the 
former case the curve may be said to be an ‘inside’ curve, in the latter an ‘outside’ 
curve. If m=0, or the directrix passes through the centre of the dirigent circle, 
then the distinction between an inside curve and an outside curve no longer exists. 
It is clear that the curve touches the directrix in the points of intersection of this 
line and the dirigent circle, and that the points in question are the only points of 
intersection of the curve with the directrix or the dirigent circle; hence if the 
directrix and dirigent circle do not intersect, the curve does not meet either the 
directrix or the dirigent circle. 
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XXXV. 
To discuss the equation 
(a? 4- y? — ay -- 16A (x — m) — 0, 
I write first y=0, which gives 
a — 2a -- 16.Ac -- a? — 164m — 0 


for the points of intersection with the axis of æ. If this equation has equal roots, 
there will be a double point on the axis of æ, and it is important to find the 
condition that this may be the case. The equation may be written in the form 


(3, 0, —a, 124, 3:8? — 48Am 1o, 1y — 0, 
the condition for a part of equal roots is then at once seen to be 
— (à — 124m + (æ — 18A ma + 544?? = 0; 
or reducing and throwing out the factor A?, this is 
21 A? + 2m (8m? — 9a) A — a? (m? — a) = 0. 
This equation will give two equal values for A if 
m? (8m? — 9a)? + 27a? (m? — a) = 0, 
an equation which reduces itself to 


(4m? — 3ay = 0. 


2 
Hence, if 4m? — 3a be negative, ie. if cci the values of A will be imaginary, 


í zA 4m? : 4m? 
but if 4m?— 3a be positive, or i aL the values of A will be real If en ege 
then there will be two equal values of A, which in fact corresponds to a cusp upon 
the axis of w Whenever the curve is real there will be at least two real points on 

2 
the axis of æ; and when a< gd but not otherwise, then for properly selected values 


of A there will. be four real points on the axis of «. 


Differentiating the equation of the curve, we have 


((a? + y? — a) e 4- 4A) da + (a? + y? — a) ydy =0; 
and if in this equation we put dx=0, we find y=0, or 2+y?—a=0, ie. that the 
points on the axis of æ, and the points of intersection with the circle 2?--y?— «— 0, 
are the only points at which the curve is perpendicular to the axis of æ. To find 
the points at which the curve is parallel to the axis of æ, we must write da — 0, this 
gives 


(à? 4- y? — a) x -- 4A — 0, 
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and thence 


4A 
Wu im 
a?--y^—a EH 


and 
A+2(«-m)=0: 


m? 
this ay will have three real roots if A "s. DA and only a single real root if 


A 13 for 4 = ew the equation in question will have a pair of equal roots. It 


A ; 24a 
is easy to see that there is always a single real root of the equation which gives 
rise to a real value of y, ie. to a real point upon the curve; but, when the equation 
has three real roots, two of the roots may or may not give rise to real points upon 


the curvo. 


XXXVI. 


It is now easy to trace the curve. First, when m=O, or the directrix passes 
through the centre of the dirigent circle, the curve is here an oval bent in so as 
to have double contact with the directrix, and lying on the one or the other side of 
the directrix according to the sign of A. See fig. a. 


Fig. a. Fig. b. 


Fig. d. 
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Next, when the directrix does not pass through the centre of the dirigent circle, 
it will be convenient to suppose always that m is positive, and to consider A as 
passing first from 0 to o and then from 0 to —o, ie. to consider first the 

2 
different inside curves, and then the different outside curves. Suppose a EE , the 
inside curve is at first an oval, as in fig. b, where (attending to one side only of 
the axis) it will be noticed that there are three tangents parallel to rà axis, viz. 
one for the convexity of the oval, and two for the concavity. For A= the two 
tangents for the concavity come together, and give rise to a stationary tangent (ie. a 
tangent at an inflection) parallel to the axis, and for A b 
the concavity disappear. The outside curve is an oval (of course on the opposite side 
of, and) bent in so as to have double contact with the directrix. 


; the two tangents for 


$ 4m? ed A : 
Next, if a=, the inside curve is at first an oval, as in fig. c, and there are, 


as before, three tangents parallel to the axis: for A = the tangents for the con- 
cavity of the oval come to coincide with the axis, and are tangents at a cusp, and 


3 
for A> n or the cusp disappears, and there are not for the concavity of the oval any 


tangents parallel to the axis. The outside curve is an oval as before, but smaller and — 
more compressed. 


2 
Next, a ‘> m?, then the inside curve is at first an oval, as in fig. d, and 


there are, as before, three tangents parallel to the axis; when A attains a certain 


3 
value which is less than e the curve acquires a double point; and as A further 


increases, the curve breaks up into two separate ovals, and there are then only two 
tangents parallel to the axis, viz. one for the exterior oval and one for the interior 
oval. As A continues to increase, bi interior oval decreases; and when A attains 


a certain value which is less than d , the interior oval reduces itself to a conjugate 


point, and it afterwards disappears altogether. The outside curve is an oval as before, 
but smaller and more compressed. 


Next, if the directrix touch the dirigent circle, ie. if a=m* ‘Then the inside 
curve is at first composed of an exterior oval which touches the dirigent circle, and 
of an interior oval which lies wholly within the dirigent circle. As A increases the 
interior oval decreases, reduces itself to a conjugate point, and then disappears. The 
outside curve is an oval which always touches the dirigent circle, at first very small 
(it may be considered as commencing from a conjugate point corresponding to A — 0), 
but increasing as A increases negatively. 
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Next, when the directrix does not meet the dirigent circle, ie. if a « m? The 
inside curve consists at first of two ovals, an exterior oval lying without the dirigent 
circle, and an interior oval lying within the dirigent circle. As A increases the 
interior oval decreases, reduces itself to a conjugate point and disappears. The outside 
curve is at first imaginary, but when A attains a sufficiently large negative value, it 
makes its appearance as a conjugate point, and afterwards becomes an oval which 
gradually increases. 


Next, when the dirigent circle reduces itself to a point, ie. if a=0. The inside 
curve makes its appearance as a conjugate point (corresponding to .4 —0), and as A 
increases it becomes an oval and continually increases. The outside curve comports 
itself as in the last preceding case. 


Finally, when the dirigent circle becomes imaginary, or has for its radius a pure 
imaginary distance, ie. if a is negative. The inside curve is at first imaginary, but 
when A attains a certain value it makes its appearance as a conjugate point, and 
as A increases becomes an oval and continually increases. The outside curve, as in 
the preceding two cases, comports itself in a similar manner. 


The discussion, in the present section, of the different forms of the curve is not 
a very full one, and a large number of figures would be necessary in order to show 
completely the transition from one form to another. The forms delineated in the four 
figures were selected as forms corresponding to imaginary values of the parameters by 
means of which the equation of the curve is usually represented, e.g. the equations in 
Section XXVIII. 


XXXVII. 


It has been shown that for rays proceeding from a point and refracted at a 
circle, the secondary caustic is the Cartesian; the caustic itself is therefore the evolute 
of the Cartesian; this affords a means of finding the tangential equation of the 
caustic. In fact, the equation of the Cartesian is 


(a? + y? —a)?+16A (x — m) 20; 
and if we take for the equation of the normal 
X£ t Y9 -Z — 0, 
(where é, ņ are current coordinates), then 


X:Y:Z-y(2-y -—2a) 
& (2? -- y? — a) --4A 
4À y, 
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equations which give 
Z Ys = Y (mZ — AX”), 
— ZYy = Z? + X (mZ — A X?), 
“AY? (+ y?—a)=4ABXY? 
whence eliminating, we have 
P + X (mZ — AX} + Y? (mZ? — AX?? — Z*Y* (aZ 44A X) — 0, 


where if, as before, c denotes the radius of the refracting circle, a the distance of the 
radiant point from the centre, and w the index of refraction, we have 


1 1 
a mos er + e. 


ca 
A= 
Qu?’ 


1 1 
nar aee). 


The above equation is the condition in order that the line Xs+ Yy+Z=0 may be 
a normal to the secondary caustic (a?--j?— ay +164 (z — m) — 0, or it is the tangential 
equation of the caustic, which is therefore a curve of the class 6 only. The equation 
may be written in the more convenient form 


Z* + 2L8X (mB? — A X?) +(X? + Y?) (mZ2— AX? — ZY? (aZ - 4A X) - 0. 


XXXVIII. 


To compare the last result with that previously obtained for the caustic by 
reflexion, I write 4, — — 1, and putting also c=1 and Z=a (for the equation of the 
reflected ray was assumed to be Xx+ Yy+a=0), we have 


a=a?+2, A — 1a, m= g. (1+ 20° 


and the equation becomes, after a slight reduction, 
4at + 4a? X (2a? +1 — X) + (X+ Y*) (2a +1 — X?y — 4a Y? (a? +2 +2X)=0, 
which may be written 
(2a? + X (2a + 1— X*))* + Y° (- 4a +1-  88X — 2 (2a? + 1) X? - X) 20; 
this divides out by the factor (X +1), and the equation then becomes, 
(X? - X — 2a} + Y? ((X — 1)? — 4a?) — 0, 


which agrees with the result before obtained. 
C. II. 48 
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XXXIX. 


Again, to compare the general equation with that previously obtained for parallel 
rays refracted at a circle, we must write bai. c=1,a=0, Z=k (for the equation 


of the refracted ray was taken to be Xæ + Yy+k=0); we have then 


a=1 +k + ka, A= ka’, m= (14041), 


and, after the substitution, æ = œ. The equation becomes in the first instance 
ke + 2k X s (1+(1 +) a) le — yea TOC + FY?) t (1-- (14-1) à) ke- peaxe 


— PY (1 +k + ka + 2kaX)= 0; 
and then putting a=%, or, what is the same thing, attending only to the terms 
which involve a?, and throwing out the constant factor k*, we obtain 
(X* - Y)(X* —1— y — 4i Y? — 0, 
or 

A(X:-1—Py--Y*(X-1-E5)(X-1-k)(X-1—-5)(X-1—5)-0, 


which agrees with the former result. 


XL. 


It was remarked that the ordinary construction for the secondary caustic could 
uot be applied to the case of parallel rays (the entire curve would in fact pass off 
to an infinite distance), and that the simplest course was to measure the distance 
GQ from a line through the centre of the refracting circle perpendicular to the 
direction of the rays. To find the equation of the resultimg curve, take the centre of 
the circle as the origin and the direction of the incident rays for the axis of æ; let 
the radius of the circle be taken equal to unity, and let ,, denote, as before, the 
index of refraction. Then if a, 8 are the coordinates of the point of incidence of a 
ray, we have a?--/2*—]1, and considering a, 8 as variable parameters connected by this 
equation, the required curve is the envelope of the circle, 


p? ((« — «y -(y- 8Byj a —0. 
Write now 4-cos0, 8 —sinÓ, then multiplying the equation by —2, and writing 
1+cos 20 instead of 2 cos? 0, the equation becomes 
1 + cos 20 — 2y? (a? + yY? — 22 cos 0 — 2y sin 0 + 1) = 0, 
which is of the form 
A cos 20 + B sin 20 + C cos 9 -- Dsin 6+ E — 0, 
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and the values of the coefficients are 

A z1, 

B — 0, 

C = 4yx, 

D = Ay^y, 

E — — 92, (2 + 9?) — 29? 4- 1. 
Substituting these values in the equation 

(12 (A? + B*) - 3 (C° + D») + 4E? 
— {274 (© — D?) + 54BCD — (72 (A? + B?) +9 (0° + D*?)) E + 8B}? = 0, 
the equation of the envelope is found to be 
16 ((1 — pè + pt) — (u? +p) (a° + y?) + wt (a° + y? 


/ 4 — 6p? — but + 4p’ | 

— (64? + But + 6p) (a? + y*) — 27 pt (a? — y”) | 

— (Gu! + 6p’) (2? + y?) m 
(t dut (a? + y) | 


whieh is readily seen to be only of the 8th order. But to simplify the result, write 
first (z*--3* — 1)-- 1l, and 24?—1-—(a4*--3*— 1) in the place of a*--y? and a?— y? respec- 
tively, the equation becomes 


&((1 — p^? — p (1 — p?) (2? + y — 1) + u* (a? +? — 1) 


2 (1 — py ' 
= By? (1 — WY (2?  y* — 1) - 27 u'a | 
= 3u* (1 - j^) (à? - y* - 1y E: 
+ 2y* (a? + y! — 1y 


Write for a moment 1 — j?—4q, p? (æ +y — 1) — p, the equation becomes 
4 (g* — qp + p? — (2g? — 3g'p — 3p* + 2p — 2T u^ —0; 
or developing, 
4 (q^ — qp + PY} — (20 — 8g*p — 3p? + 2p 
+ 54 (29° — 3g*p — 3qp? + 2p") p'a? — 729 yu8at = 0, 
and reducing and dividing out by 27, this gives 


FP (p — 9) + 2 (p +9) (2p — q) (p — 2g) ua? — 21,^4* = 0, gety 
48 
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whence replacing q, p by their values, the required equation is 
(1 — pi)? (a? +? — 1) (p (2? f) — 1 
+2 (p? (a? + y?) — 2p? + 1) (25? (a? + 39) — p — 1) (p? (à? + y?) — 2 + pP) a? — 21 ptt = 0, 
which is the equation of an orthogonal trajectory of the refracted rays. 
In the case of reflexion, p= — 1, and the equation becomes 
4 (a? + y? — 1» — 27a? — 0. 


Comparing this with the equation of the caustic, it is easy to see, 


THEOREM. In the case of parallel rays and a reflecting circle, there is a secondary 
caustic which is a curve similar to and double the magnitude of the caustic, the 
position of the two curves differing by a right angle. 


XLI. 


The entire system of the orthogonal trajectories of the refracted rays might in 
like manner be determined by finding the envelope of the circle (where, as before, 
a, B are variable parameters connected by the equation œ + 6? = 1), 


jé (e — a} + (y — BY} — (a + my = 0. 
{The result, as far as I have worked it out, is as follows, viz.— 
(3 — 12 [m + 2mpia + pt (à? + y*)] + [1 — 2? + 2m? — 2p? (a? + py 
— ([1 — 21? + 2m? — 2? (a? + »?)] [9 + 18m? + 36mp + 18u (a? + y?)] 
— 54 [m + 2my?z + u* (a? — y?)] — [1 — 2p? + 2n? — 2y? (à? + y)pr): =0, 


which, it is easy to see, is an equation of the order 8 only. Added Sept. 12.—A. C) 
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